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Universal scaling for disordered viscoelastic matter near the onset of rigidity

Danilo B. Liarte ,1,2,3,* Stephen J. Thornton ,3 Eric Schwen,3 Itai Cohen,3 Debanjan Chowdhury,3 and James P. Sethna 3

1ICTP South American Institute for Fundamental Research, São Paulo, SP 01140-070, Brazil
2Institute of Theoretical Physics, São Paulo State University, São Paulo, SP 01140-070, Brazil

3Department of Physics, Cornell University, Ithaca, New York 14853, USA

(Received 1 August 2021; revised 2 March 2022; accepted 6 October 2022; published 7 November 2022)

The onset of rigidity in interacting liquids, as they undergo a transition to a disordered solid, is associated
with a rearrangement of the low-frequency vibrational spectrum. In this Letter, we derive scaling forms for the
singular dynamical response of disordered viscoelastic networks near both jamming and rigidity percolation.
Using effective-medium theory, we extract critical exponents, invariant scaling combinations, and analytical
formulas for universal scaling functions near these transitions. Our scaling forms describe the behavior in space
and time near the various onsets of rigidity, for rigid and floppy phases and the crossover region, including
diverging length scales and timescales at the transitions.
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Jamming [1] and rigid percolation (RP) [2] provide suitable
frameworks to characterize the fascinating invariant scaling
behavior exhibited by several classes of disordered viscoelas-
tic materials near the onset of rigidity [3]. Both are often
described by elastic networks near the Maxwell limit of me-
chanical stability [4], and represent transitions from a rigid
phase to a floppy one when the average coordination number
z falls below the isostatic value zc. RP appears in network
glasses [5], fiber networks [6,7], and soft colloidal gels [8],
and is described in terms of networks in which bonds are
randomly removed; the bulk modulus vanishes [9] at the
transition [10–12]. Jamming is also a ubiquitous phenomenon
arising in systems ranging from amorphous solids and glasses
[13] to cell tissues [14] and deep learning [15]. Jamming is
commonly described in terms of sphere packings that possess
a finite bulk modulus B > 0 at the transition. Recently, it was
shown that jamming can be described as a multicritical point
that terminates a line of continuous transitions associated with
rigidity percolation and that there is a deep connection be-
tween the universal scaling forms for both transitions [16].
Determining explicit formulas for the susceptibilities and
space-time correlations has been challenging, however, since
there is a scarcity both of comprehensive numerical data and
of analytic models for these transitions (with the exception
of jamming in high dimensions [17–19]). Here, we leverage
the analytically tractable effective-medium theory (EMT) of
Ref. [16] to fill this gap and extract explicit equations for these
universal forms.

At jamming [1], two-dimensional disk packings form a
disordered contact network [blue lines in Fig. 1(a)] that sup-
ports compression but not shear. Mimicking compression by
randomly adding next-nearest-neighbor bonds between disks
[red N bonds in Fig. 1(a)] and/or randomly removing B bonds
can lead to either jamming or RP depending on the population
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for each type of bond [16]. A simpler model that yields the
same scaling behavior consists of randomly placing “B” and
“N” bonds between nearest- and next-nearest-neighbor pairs
of sites [blue and red solid lines in Fig. 1(b)] of a periodic
honeycomb lattice. This network describes a diluted version
of a three-sublattice system consisting of a honeycomb lat-
tice [shaded blue in Fig. 1(b)] and two triangular lattices
(shaded red; here, we show only the bonds of one triangular
lattice). Detailed knowledge of the mechanical behavior of
periodic lattices allowed the development of an EMT at finite
dimension {See also Refs. [20,21] for calculations in finite
dimension based on the nonaffine response of amorphous
solids.} for jamming [16] and for the crossover from jamming
to RP, valid in both rigid and floppy states. We will employ
these results to derive explicit solutions for the critical scaling
of the susceptibilities of disordered viscoelastic matter near
jamming and RP. Our analysis not only allows for a quick
assessment of scale-invariant behavior of quantities such as
viscosities and correlations (without the need for computa-
tionally expensive simulations), it also serves as an example
of how one may analyze rigidity transitions for which the
universality class has not been determined.

Figure 1(c) shows the phase diagram of the honeycomb-
triangular lattice (HTL) model in terms of occupation
probability of nearest-neighbor B bonds and next-nearest-
neighbor N bonds. Rigid (yellow) and floppy regions are
separated by an RP line that terminates in a multicritical jam-
ming point J (red disk). From Fig. 1(c), one can also extract
definitions for the scaling variables δJ and δRP, chosen so that
δRP = 0 at RP, and δJ is also zero at jamming.

RP should generically be codimension one, because only
one constraint (isostaticity) needs to be satisfied. In the HTL
model of Fig. 1(b), jamming is codimension two. But the
jump in bulk modulus characteristic of jamming here demands
a complete honeycomb lattice; one can see that if the three
orientations of hexagon bonds were independently populated,
the jamming transition would be codimension four (their three
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FIG. 1. (a) Jammed disk packing, underlying contact network (B
bonds in blue), and randomly added next-nearest-neighbor N bonds
(red). (b) HTL model with nearest- and next-nearest-neighbor bonds
(solid blue and red lines) connecting sites of a honeycomb lattice.
Faint blue and red lines show underlying honeycomb and triangular
lattices, respectively. (c) Phase diagram of the HTL model in terms of
occupation probabilities for B and N bonds. The yellow region corre-
sponds to the rigid state, and is separated from the floppy state by an
RP line ending at a jamming point J (red disk). (d) Conjecture for a
crossover flow diagram projected into δRP × δJ space. J (red disk) and
RP (black disk) represent fixed points of a putative renormalization-
group scheme. The blue, black, and gray lines represent the unstable
manifold, the critical line, and a sample trajectory, respectively.

probabilities set to one plus isostaticity). This special tuning of
the system to favor the bulk modulus is echoed in the jamming
of frictionless spheres, where the first state of self-stress [22]
leads to a jump in the bulk modulus because the conjugate
degree of freedom (a uniform compression) was used to tune
the system to the rigidity transition. As evidence for this,
shear jamming of frictionless spheres has a jump in a single
anisotropic modulus [23].

We conjecture that there is a class of disordered elastic
systems for which a renormalization-group scheme leads to
the typical crossover flow diagram [24] (projected in δRP × δJ

space) illustrated in Fig. 1(d). The scaling variable δRP ∝
�z ≡ z − zc must be relevant for both jamming and RP, but
the depletion probability of the B-lattice δJ is relevant only
for jamming. This behavior is captured by the direction of the
arrows coming in and out of the putative jamming and RP
fixed points (red and black disks, respectively) in Fig. 1(d). A
system near the J fixed point (δJ, |δRP| � 1) will be controlled
either by J if a crossover variable δJ/|δRP|ϕ � 1 for some
exponent ϕ, or by RP if δJ/|δRP|ϕ � 1, i.e., for trajectories
such as the gray line passing sufficiently close to the critical
line (black solid line.) Though δJ does not have a direct in-
terpretation in the jamming of sphere packings [except for the

TABLE I. Critical exponents for the longitudinal susceptibility
(γ ), correlation length (ν), correlation time (z), and crossover be-
havior (ϕ) near jamming and RP for undamped and overdamped
(between parentheses if different from undamped) dynamics. The ex-
ponents βB and γB can be derived from γ , ν, and z (see Table II), and
describe power-law singularities for the bulk modulus and viscosity,
respectively.

γ z ν ϕ βB γB

Jamming 2 1 (2) 1 1 0 1 (2)
Rigidity percolation 2 2 (4) 1/2 1 0 (1)

network model of Fig. 1(a)], there might be variables that play
a similar role, such as attractive interactions in soft gels [25].

We now introduce a scaling ansatz for the longitudinal
response function [26–28] near jamming,

χL

χ0
≈ |δRP|−γL

(
q/q0

|δRP|ν ,
ω/ω0

|δRP|zν ,
δJ/δ0

|δRP|ϕ
)

, (1)

where q is the wave vector, ω is the frequency, γ , ν, z,
and ϕ are critical exponents for the susceptibility, correlation
length, correlation time, and crossover behavior, respectively
[24,29], and L is a universal scaling function. The constants
χ0, q0, ω0, and δ0 are nonuniversal scaling factors. Many other
properties can be derived from L (Table II). Such space-time
susceptibilities, and the corresponding structure and correla-
tion functions, are the fundamental linear response quantities
for materials. They have been well studied in glassy systems,
but have hitherto not been a focus in the study of jamming
or RP. Baumgarten et al. [30] and Hexner et al. [31] have
studied the static response of frictionless jammed spheres to a
sinusoidal perturbation; they find diverging length scales that
are different from the ones presented here. Because our system
is on a regular lattice, and particularly because our analysis
replaces the disordered lattice with a uniform one, it is natural
for us to fill this gap.

Our approach goes beyond previous work [32] in two as-
pects. First, rather than starting with an ansatz for the free
energy in terms of the excess contact number �z, excess
packing fraction �φ, shear stress ε, and system size N , we
consider the longitudinal response in terms of δRP, q, ω, and
δJ. Our variable δRP is proportional to �z. Though we do not
consider an explicit dependence of χL on ε or �φ [33], we
can extract equivalent expressions for moduli and correlations
from the dependence of χL on q. Importantly, the inclusion

TABLE II. Critical exponent y and universal scaling function Y
describing the singular behavior of the bulk modulus B and viscos-
ity ζ , density response , and correlation function S, according to
Eq. (4).

Y y Y

B βB ≡ γ − 2ν B = (∂L−1/∂u)/(2 u)
ζ −γB ≡ γ − (2 + z)ν Z = (1/v)Im[B]
 2ν − γ P = u2L
S (2 + z)ν − γ S = (1/v)Im[P]
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of ω in our analysis allows us to predict dynamical properties
such as viscosities.

Second, we use EMT [16] to derive and validate both the
universal exponents and the universal scaling functions (L),
for both jamming and RP. This form of EMT is based on
the coherent-potential approximation [10,34] (CPA), and is
known to reproduce well results obtained from simulations of
randomly diluted lattices with two-body [35] harmonic inter-
actions [36,37], even for undamped [11,16] and overdamped
dynamics [38,39]. Although the CPA involves mean-field-
like uncontrolled approximations, it preserves the topology
of the original lattices—an essential ingredient that ultimately
allows one to describe jamming. Here, we focus on the lon-
gitudinal response, since the full response of isotropic elastic
systems can be decomposed into longitudinal and transverse
components, and the latter has the same scaling form near
both jamming and RP as the longitudinal response near RP;
see Ref. [40].

We use the long-wavelength limit of the longitudinal re-
sponse χL along with EMT results from Ref. [16] to derive
critical exponents (see Table I) and the universal scaling func-
tion L in Eq. (1) (see Ref. [40] and the Supplemental Material
[41]),

L(u, v,w) =
[

u2

1 + w/[
√

1 − ṽ(v) ± 1]
− ṽ(v)

]−1

, (2)

where ṽ(v) = v2 and i v for undamped and overdamped dy-
namics, respectively, and the plus and minus signs correspond
to solutions in the elastic and floppy states, respectively. Equa-
tion (2) embodies the central results of this Letter. From
Eqs. (1) and (2), we will extract the universal behavior of
the elastic moduli, viscosities, as well as the density re-
sponse and correlation functions (dynamic structure factor).
Though it is not certain that these functions are as univer-
sal as critical exponents, recent simulations of compressed
hyperspheres [42] indicate that critical amplitudes calculated
using mean-field models at infinite dimension are preserved
for low-dimensional jammed packings.

For |δRP| � δJ [w � 1 in Eq. (2)], our model ex-
hibits RP criticality: δJ becomes an irrelevant variable, and
L(u, v,w) → L̄(u, v), with

L̄(u, v) = {u2[
√

1 − ṽ(v) ± 1] − ṽ(v)}−1. (3)

Here, the change in L is accompanied by a change in the
critical exponents ν and z (see Table I). Note that the exponent
zν depends only on the type of dynamics, but the exponent ν

equals 1 and 1/2 for jamming and RP, respectively.
Our formulation of Eqs. (1)–(3) represents a deliberate

effort to emphasize model-independent (universal) features.
Note, e.g., that our model definition of the nonuniversal
scaling factor q0 is different for jamming and RP; the
latter involves a term that increases as one moves away
from the jamming multicritical point. In addition, our for-
mulation allows for the suitable incorporation of analytic
corrections to scaling [24,43–45], which can be added in
a case-by-case basis. In general, we expect these correc-
tions to appear through the introduction of nonlinear scaling
fields, uq(q, ω, δJ ) = q/q0 + · · · , uω(q, ω, δJ ) = ω/ω0 + · · · ,
uJ(q, ω, δJ ) = δJ/δ0 + · · · , which would replace q/q0, ω/ω0,

FIG. 2. Scaling collapse plots showing the universal behavior of
the longitudinal response as a function of rescaled frequency near
jamming (first row) and RP (second row), for overdamped dynamics.
Blue disks and red triangles are full solutions of the EMT equa-
tions for the real and imaginary parts of |δRP|γ χL/χ0, respectively.
Solid and dashed curves are the universal scaling predictions of
Eqs. (2) and (3). We consider points approaching jamming and RP
along the paths indicated in the inset graphs of each panel. We use
q/|δRP|ν = 0.1 (solid symbols) and 1 (open symbols) in all panels,
and δJ/|δRP|ϕ equal to

√
5/4 from the rigid side (a), and equal to 2

from the floppy side (b). Full solutions run at |δRP| = 10−2, 10−3, and
10−4 for RP and a range |δRP| ∈ [5 × 10−2, 5 × 10−6] for jamming
show convergence to our universal asymptotic predictions.

and δJ/δ0 in Eq. (1). Here, the dots represent higher-order
terms and perhaps linear terms in the other variables (rotating
the axes). These nonlinear scaling fields can be viewed as
the difference between the laboratory parameters and Nature’s
natural variables, or as the coordinate transformation remov-
ing the (hypothetical) nonlinear terms in the renormalization
group to their hyperbolic normal form [45]. In order to use our
scaling predictions to describe behavior far from the critical
point, one must first determine the appropriate scaling fields
uq, uω, and uJ for the particular system.

Equation (1) implies that solutions for |δRP|γ χL as a func-
tion of one of the three invariant scaling combinations (the
other two kept constant) should lie on the curves given by
Eqs. (2) and (3), respectively. Hence, plots for different values
of |δRP| should collapse for several paths approaching jam-
ming or RP. Figure 2 shows an example of a scaling collapse
plot of the rescaled longitudinal response as a function of
rescaled frequency for overdamped dynamics at fixed q/|δRP|ν
and δJ/|δRP|ϕ , and for paths approaching jamming (first row)
and RP (second row) from both the rigid and floppy phases
(see the inset in each panel). Real parts are in blue; imaginary
(dissipative) parts are in red. The solid and dashed curves are
the asymptotic universal scaling predictions [Eqs. (2) and (3)]
at two different values of the wave-vector scaling variable

L052601-3



DANILO B. LIARTE et al. PHYSICAL REVIEW E 106, L052601 (2022)

FIG. 3. Overdamped asymptotic exponents for universal longitudinal response. Diagram in the u(rescaled wave vector) ×
v(rescaled frequency) plane, showing regions of distinct power-law behavior of the jamming (first row) and RP (second row) universal scaling
functions for overdamped dynamics in both the rigid and floppy phases. The first and second (third and fourth) columns correspond to the real
(imaginary) parts of L and L̄. We use w = 1 for jamming.

q/|δRP|ν . Although there are model-specific predictions for
the nonuniversal scaling factors, we choose them to best fit
the collapsed data.

The collapses of Fig. 2 not only validate our universal
scaling forms, they also indicate an interesting crossover to a
regime dominated by dissipation (the imaginary part of χL in
red) as the frequency increases. Note that the real part L′(v)
plateaus and the imaginary part L′′(v) (the dissipation) van-
ishes at low frequency v. At high frequency, both L′ and L′′
decay to zero, but L′ decays faster than L′′, except in the limit
of very large u and v, where both L′ and L′′ decay as v−1/2.
Hence, there is a frequency ω in which L′ ∼ L′′, and above
which the response is dominated by the dissipative imaginary
part. From Eq. (2), we find that ω ∼ D∗q2 in this regime,
leading to the definition of an effective diffusion constant
D∗ ∼ |δRP|(z−2)ν . Using the exponents shown in Table I, we
find that D∗ ∼ O(1) and ∼|δRP| for jamming and RP, respec-
tively. In terms of rescaled variables, this crossover happens
at v ∼ u2 for both transitions. In the liquid phase, Figs. 2(b)
and 2(d), L′ behaves as in the elastic phase, but L′′ diverges
rather than vanishing at low v due to the predominant viscous
response of the fluid state.

Equations (2) and (3) also imply that our universal func-
tions for the longitudinal response L(u, v,w) and L̄(u, v)
generally behave as uαvβ with the exponents α and β

depending on the region in the u(rescaled wave vector) ×
v(rescaled frequency) plane. To illustrate and map this global
behavior, we show in Fig. 3 the power-law regions for
which L(u, v,w) ∝ uαvβ and L̄(u, v) ∝ uαvβ , with (α, β )
very close to their asymptotic values. The first and second

rows correspond to our scaling forms for jamming and RP,
respectively. To generate each panel, we numerically cal-
culate the exponents using fα ≡ ∂ logL/∂ log u and fβ ≡
∂ logL/∂ log v for jamming and similar formulas for RP. We
then plot the regions in which | fα − α| < 0.1 and | fβ − β| <

0.1, for several values of α and β.
Figure 3 offers a vivid pictorial view allowing an easier as-

sessment of the global behavior associated with our universal
forms for jamming and rigid percolation. By comparing the
two rows, notice how the change in universality class is also
reflected in the behavior of the universal scaling functions. For
instance, although jamming and RP exhibit similar qualitative
features for the imaginary part [Figs. 3(c), 3(d) 3(g), and 3(h)],
RP shows additional regimes for the real part, which do not
appear in jamming [compare, e.g., Figs. 3(a) and 3(e) or 3(b)
and 3(f)].

In the Supplemental Material [41], we present results for
undamped dynamics that are analogous to Figs. 2 and 3 in
this Letter. The full solutions of our effective-medium theory
equations also converge to our universal scaling functions,
except in the limit of very low frequencies. In fact, the asymp-
totic solutions derived in Ref. [16] do not capture the small
but nonzero imaginary parts of the effective spring constants
at frequencies smaller than ∼ω∗ (the characteristic crossover
to isostaticity) when there is no damping. This feature has
important consequences for energy dissipation in systems be-
lieved to exhibit behavior related to RP. The corrections to
scaling appear as singular perturbations to the self-consistency
equations and vanish as powers of |δRP| in dimensions
larger than three. Moreover, the scaling variables contain
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FIG. 4. (a) 3D plot of the universal scaling function for the cor-
relation function S̄(u, v), for undamped fluids near RP. The blue
dashed line corresponds to the rescaled frequency v∗ (the boson
peak) at which S̄(u, v) is maximum for fixed rescaled wave vector
u. (b) u × v diagram showing the boson peak (blue dashed line) and
power-law regions for which S(u, v) ∝ uαvβ , with (α, β ) close to
their asymptotic values (0, −2) (red) and (4,−4) (yellow). In the
blue region the condition S̄(u, v) > S̄(u, v∗)/2 is satisfied.

logarithms in two dimensions. This analysis is beyond the
scope of the present work, and will be presented in a separate
publication.

Equations (1) and (2) determine the scaling behavior of
several quantities characterized by the general form,

Y

Y0
= |δRP|y Y

(
q/q0

|δRP|ν ,
ω/ω0

|δRP|zν ,
δJ/δ0

|δRP|ϕ
)

, (4)

where in Table II we present explicit expressions for the expo-
nent y and universal function Y describing the bulk modulus
(B), viscosity (ζ ), density response (), and correlation func-
tion (S). The behavior near RP is obtained by replacing Y and
L in the third column of Table II by Ȳ and L̄ (now functions of
u and v only), respectively, along with appropriate changes for
the exponents (see Table I). The scaling behavior of the shear
modulus and viscosity near jamming and RP is the same as
that of B and ζ , respectively, near RP.

To illustrate the broad applicability of our scaling forms,
we discuss our results for the density-density correlation—the
structure function for isotropic fluids at q = 0. Figure 4(a)
shows a three-dimensional (3D) plot of the universal function
S̄ (u, v) (see Table II) for undamped fluids near RP. At fixed
u, S̄ (u, v) has a maximum (blue dashed line) at v = v∗ ≈
O(1) (i.e., ω∗ ∝ δRP) (see Ref. [40]), which coincides with
the crossover from Debye to isostatic behavior, interpreted as
the paradigmatic boson peak [46–49] of glasses [50]. Near
jamming or RP, this point marks the onset of the enhance-
ment of the population of low-energy modes [51] leading
to a flat density of states at low frequency [16,51]. At fixed
v, S̄ plateaus at a value of u of O(1) (i.e., at q ∝ |δRP|1/2).
Our explicit formulas also provide a simple tool to map the
global behavior of many quantities of interest. For example,
Fig. 4(b) shows a diagram in terms of rescaled wave vector
u and frequency v marking the boson peak (blue dashed line)
and regions where S̄ (u, v) exhibits power-law behavior. The
blue region indicates the neighborhood of the boson peak, in
which S̄ (u, v) > S̄ (u, v∗)/2, and the red and yellow regions
show power-law regimes in u and v.

Near jamming, the two-time density-density correlation
function Snn(r − r′, t − t ′) in real space is given by

Snn(r, r′, t, t ′)/S0

≈ |δRP|(2+D)ν−γS
(

(r − r′)/�0

|δRP|−ν
,

(t − t ′)/t0
|δRP|−zν

,
δJ/δ0

|δRP|ϕ
)

,

(5)

where �0 and t0 are nonuniversal scaling factors, and

S (ρ, s,w) =
∫

du dv ei(u·ρ−vs) Im P (u, v,w)

v
, (6)

where ρ and s are arguments for the universal scaling function
S associated with the re-scaled distance and time, respec-
tively. The behavior near RP is obtained by replacing S
and P by S̄ and P̄ , respectively, along with appropriate
changes for the exponents (see Table I). Equation (5) and
the corresponding equation for RP lead to definitions of
diverging length scales and timescales, � = |δRP|−ν�0 and
τ = |δRP|−zνt0, respectively. Our characteristic length scale
diverges as |δRP|−1 for jamming, and as |δRP|−1/2 for RP.
These divergences should be compared with traditional def-
initions of �c ∼ |�z|−1/2 and �∗ ∼ |�z|−1, as discussed in the
literature [30,31,52–54]. Note that ν in our Letter should not
be confused with exponents for the finite-size scaling of the
probability density � ∼ L1/ν , as reported in Ref. [55].

In this Letter, we have combined scaling theory and the
EMT of Ref. [16] to produce analytical formulas for univer-
sal scaling functions for the longitudinal dynamical response
near both jamming and RP. Our equations can be used to
determine the space-time dependence of universal functions
for several quantities (such as moduli, viscosities, and cor-
relations) near the onset of rigidity in both the solid and
liquid phases. A direct approach to experimentally validate
our predictions consists of using 3D printers to fabricate and
perform experiments on the disordered elastic networks illus-
trated in Figs. 1(a) and 1(b). We also expect these scaling
forms to apply to more traditional glass forming systems such
as colloidal suspensions. Here, in addition to more standard
scattering measurements, new techniques for measuring 3D
particle positions and even stresses with high precision may
make it feasible to measure these functional forms and test
our predictions [56–59]. In such suspensions, we expect that
the scaling functions will capture the behavior in the elastic
regime. However, our theory is built on a fixed network topol-
ogy and lacks some features of the liquid phase. Annealed
rather than quenched disorder [24] (or even intermediate dis-
order [60]) could be needed to describe viscoelastic fluids.
An extension of our analysis includes an investigation [61] of
the intriguing connections between the featureless low-energy
modes in our system and the unconventional particle-hole
continuum measured using momentum and energy-resolved
spectroscopic probes in certain strange metals [62,63]. Other
extensions could include the incorporation of anisotropic bond
occupation [64], which plays a major role in the crossover
scaling of thickening suspensions near frictional jamming [65]
and that can lead to simpler models for both shear jamming
[66] and thickening [67], as well as the incorporation of
random stress fields, which can elucidate the unjamming of
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colloidal suspensions (such as titanium dioxide) due to activ-
ity [68].
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